The spin-orbit and spin-spin couplings play a central role in magnetic properties of molecules. To simulate these effects, one often needs to resort to the fully relativistic framework, if a system contains heavy elements such as the lanthanides.
1, 2 For molecules with light transition metal atoms, it is common to start with a non-relativistic wave function and treat the spin-orbit and spin-spin couplings as perturbation. 3 In either case, one needs to evaluate additional two-electron integrals to the standard electron repulsion integrals (ERIs).
In fully relativistic theories, two electrons interact with each other by exchanging transverse photons that move at the speed of light, which results in retardation of the Coulomb interaction. The Breit interaction is a potential to describe such interaction at the low frequency limit of transverse exchange photons, [4] [5] [6] which is g 12 = 1 r 12 − α 1 · α 2 2r 12 − (α 1 · r 12 )(α 2 · r 12 ) 2r 3 12 ,
with α i being Dirac's matrices for electron i. Although the Breit Hamiltonian is the most accurate relativistic twoelectron operator and has been used in atomic electronic structure calculations, 7, 8 it is widely considered to be impractical for molecular applications because the integrals for the last term of Eq. (1) need to be computed by expensive integral derivative techniques. 9 We will address this problem in this Communication, and demonstrate that the Breit term can be computed in a similar cost to ERIs. Our integral algorithm is based on the integral representation of 1/r 3 12 , w 12 w 12 r 3 12
with w 12 = w 1 − w 2 and w 1 = x 1 , y 1 , z 1 . We use a tailored Gaussian quadrature approach 10 similar to the Rys quadrature method. [11] [12] [13] [14] [15] The so-called horizontal recurrence relaa) Electronic mail: shiozaki@northwestern.edu.
tion of Head-Gordon and Pople 16 can be applied in our algorithm, which is in contrast to derivative integral algorithms. The computational cost for evaluating the Breit integrals (all six Cartesian components) will be shown to be 3-4 times that of ERI.
The same algorithm can be applied to the spin-spin coupling integrals within the quasi-relativistic Breit-Pauli Hamiltonian, in which case the integral kernel is likewise represented by 3w 12 
As reported by Neese, 3 this direct spin-spin coupling term accounts for a quarter of zero-field splitting of light transition metal complexes, which warrants the development of efficient algorithms for evaluating these integrals. In general, various two-electron integrals that have been conventionally computed by derivative techniques [17] [18] [19] can be evaluated using the integral algorithm proposed herein.
First, we present an algorithm for the Breit integrals:
in which φ p (r), φ q (r), φ r (r), and φ s (r) are a (real) basis function,
Using Eq. (2), we obtain (for instance, w = x, w = y)
where E AB and E CD are a prefactor arising from a product of two Gaussian functions,
and I * (n)
Here, we introduce the following quantities:
Note that I* (0) is the same intermediate as the one appearing in the ERI evaluation. After index transformation t = u 2 / (u 2 + ρ), we can rewrite Eq. (9) as
using a renormalized two-dimensional integral I
For comparison, we note the same expression for ERIs,
It has been shown 20, 21 that
is a polynomial of t, and that it can be obtained by applying the recurrence relation: 14, 16, 21 
which follows from
This recurrence relation with n only depends on the atomic centers A x and C x , and on neither t nor the exponents of the primitive basis functions. Therefore, we can apply the socalled horizontal recurrence relation at the contracted level as proposed by Head-Gordon and Pople for ERIs. 16 We evaluate I (n)
using Eqs. (20) , (21) , and (24); assemble six dimensional integrals; perform the basis set contraction and Cartesian-to-spherical transformation if necessary; and transfer angular momenta from the first and third index to the second and fourth index, respectively, using Eqs. (22) and (23). Since the momentum transfer is performed at the contracted level, it leads to significant reduction of the computational costs. 14, 16 At this point, it is important to note that I
is a polynomial of t that can be factorized by (1 − t) . By substituting Eqs. (20) and (21) into Eq. (24) for n = 0, one
Therefore, I
(1)
x I
z /(1 − t) are a polynomial of t, 22 which can be exactly evaluated using Gaussian quadrature with a weight function,
The analytic cancellation of (1 − t) guarantees that all the intermediate quantities are finite. The Gaussian quadrature of rank n grid can be constructed from the moment integrals,
with F m+1 (T) being the Boys function. 15 Since the mapping from the moment integrals to the quadrature grid is highly numerically unstable, it is performed with 512-bit multiple precision arithmetic at compile time. We use interpolation at runtime to obtain quadrature grids. The number of grid points is n grid = (L + 2)/2 where L is the sum of angular momentum numbers (as compared to (L + 1)/2 for ERI).
Note that since the orthogonal polynomials on [0, 1] with the weight function Eq. (27) are a linear combination of the Rys polynomials, 12 one can derive asymptotic expressions for the weights and roots of the quadrature for large T:
where w B and t B are a constant (obtained numerically at compile time). Our implementation is based on an existing ERI code with the Rys quadrature in the BAGEL package. 27 Partly thanks to flexible templates in C++, the modification required to implement the new recurrence relation for the Breit integrals was trivial. Furthermore, we reused the integral screening for ERIs, because one can show that 
However, this may be a conservative bound. The wall times of integral evaluations on benchmark systems (eight stacked benzene molecules and a vitamin B12 model) are compiled in Table I . They were measured using 16 CPU cores (two Xeon E5-2650 2.00 GHz) on a single node without prescreening. The def2-SVP 23 and def2-SVP-JKFIT 24 basis sets were used for orbital and auxiliary basis functions, respectively. The computational cost to evaluate the Breit integrals (6 Cartesian blocks) is found to be only 3-4 times as expensive as that of ERI evaluations. Our integral program is equally efficient for basis functions with general contraction, while its efficiency for ERIs with segmented basis sets is comparable to the well-established LIBINT library. 26 Though we only benchmarked 3-index integrals since our BAGEL package 27 uses density fitting for all two-electron integrals, four index integrals can be computed with our integral program as well. The Breit integral code has been verified by using the relation between the diagonal operators:
The evaluation of Eq. (3) follows the same procedure. We denote the integral as (pq|rs) 
where I
2 is a polynomial of t, and evaluated using Gaussian quadrature with a weight function
In this case, the number of quadrature grid points is n grid = (L + 1)/2 , which is identical to that in the ERI evaluation. Asymptotic expressions for weights and roots of the quadrature for large T are also available as
The diagonal Cartesian blocks, such as (pq|rs) xx S , are computed by 
It is tedious but straightforward to show using Eqs. (20), (21), and (24) that the linear combination of products of I (n) w in the square bracket in Eq. (37) can be factorized by (1 − t) 2 . In practice, we assemble I z (t)/(1 − t) and others using Eqs. (24) and (26), and divide by an additional (1 − t) numerically at each grid point. Again, we can use the horizontal recurrence relation to reduce the computational cost as in ERI evaluation. 16 The prescreening of the spin-spin coupling integrals was not considered in this work.
The CPU times for the spin-spin coupling integrals are also reported in Table I . As expected, the computational cost is almost the same as that of Breit integrals, and they are 3-4 times as expensive as ERIs.
The advantage of our algorithm lies mainly in the use of the horizontal recurrence relation at the contracted level. The algorithm is efficient even for calculations with uncontracted small-component basis functions, since one can take advantage of contraction of large-component basis functions. Furthermore, the tailored Gaussian quadrature approach that we have employed in this work reduces the rank of polynomials by one and two for the Breit and spin-spin coupling integrals, respectively, by absorbing t and t 2 in the weight function.
In conclusion, we have derived and implemented an efficient algorithm for evaluating a class of two-electron integrals that include integrals for the Breit interaction and for the direct spin-spin coupling in the Breit-Pauli Hamiltonian. The algorithm will serve as the basis of relativistic molecular electronic structure calculations to predict magnetic properties of large molecules. The computational cost of the Breit and spin-spin coupling integrals is less than 4 times that of the ERI evaluation. An efficient, parallel Dirac-Fock method with the full Breit interaction will be reported elsewhere. 28 All the computer codes have been implemented in the BAGEL package 27 under GNU Public License, and will be released to public in the near future.
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